
Fourier Analysis Mar -9,2022

Review
.

Def. let f. GEMIIR) . Set

f. * gfx ) := fr fix - g) Geddy
.

Prop . Let f, 9. c- MCR)
.

Then

4) f- * g = g*f
.

e) f- * g c- MCR )
.

(3) f*g^(§ ) = f^({ 1.9731
.



Def . ( Good kernel on IR)

A family of ( Kt )
#g.b)

E MARI is

said to be a good kernel on LR
,
as b- → to

, if

d) f Ktcxidx =L for all b- c- (a , b)
.

IR

⇐ ' Sir / Ktcx , / DX EM for all b-c- (a.b)
,

where M > o is a constant
.

(3) If 8 so ,

f I Ktcxildx → 0 as 1-→ to
.

1×1 > s

-1hm ( convergence thm about good kernels )
.

Let ( Kt)te(a. b, be a good kernel on IR , as t→t;

bet f- c- MARI . Then

Kt * fan ⇒ fan on IR as 1-→ to
.



-1hm ( Multiplicative formula ) .

Let f , of c- MARI .

Then ftp.fcn.g?x)dx--ff?xigcxidx .

IR

Now we are ready to prove the inversion formula .

-1hm ( Fourier inversion formula )

Let f- c- MURI . Suppose § c- MARI .

Then

fcx ) = fp fY§ , e-
* i{ ✗

d }

Pf . We first consider the case when x=o
.

We need to show that

far = ftp.fcss ) d } .



'

To see it
,

we define for 8 > o
,

Ggcx ) = e-
" S "

= e-
* G.is)

'

-

Let us take the fourier transform of Gg :

F e-
IT }
'

- TIX
>

→
Recall

e

e-
*HÑ¥ e-

* (Ers ) '
so

⇒ =j e-
"¥

•

( using fisn-F-fls.SI )
.

Hence
s

9s 's ) = ¥ e-
* 5-

2

Now set Ks = Ffg
,

8>0 .

We claim that ( Ks )
, > o

is a good kernel on IR
.



check :

① ftp.kscndx-fpfg e-
"¥d×

wt¥Y=¥s
[ e

- 17yd

dy
- is

= I.
.

③ fpnlkscxsldx = ftp.kscxldx-1
.

③ It 8>0
,

f lkscxildx-fn.is
,
Ige"¥d×

1×1>8

Lett±Y=¥s

>§
e-
* Y
'

dy

→ 0 as 8 → o
.

So fks)s> ☐
is a good kernel on LR

.



Hence by the convergence theorem ,

f-(o) = 11mi Ks * f- (o )
8-10

1 Ksan =Fg e-
" ¥
)

= him
g-so
/
"

fat Kgfx ) dx
- is

= him
s→o £? Fan Kscxidx

( Gg a) = e- 178×2-1
= Jingo f.I fcxiggcxidx

by Multiplicative formula
=

'

him
s→o /- is ¥4 ' 9gal dx

= him
8-so £? §, , e-

TISH

dx

Notice that / fan e- """ / £ t.fm/,lflc-NC1R1 ,
and

11in e-
""

"

= §
.

s→o



Hence by the Dominated convergence Thm ,

him [ fix , e-askDX
8-20 -w

w

him f?× , e- 178×2= f-
is g→o

DX

= f ? Fan dx
.

This proves f-(o ) = f? Fan dx
→ f) Fos , d. §

.

(* )

Next we consider the general case .

Let ✗ ☐ C- IR
. Define

f-
*
(x) = fcxtxo ) ,

✗ C- 112
.

clearly , fxoe MARI
,

and g) = f^({g. e-
" '

' {%

By (*) ,
C- MARI

f-
*
6) = f

,,

(5) d } .



Therefore

f- (Xo) = fr pig , e2*i§xo d } .

Since Xo is arbitrily taken, we prove the

Fourier inversion formula . 1¥ .

-1hm ( Plancherel formula) .

Let f- c- MARI . Suppose that FEMUR)
.

Then
is

f.is/fcxsidx= [ is /Fall 'd }
.

( It is an analogue of the Parseual identity )
.

Pf
.

Let has = 9¥ for ✗ c- LR
.

Check : HE MARI .

Real = [I fix, e-
* i{ ×

dx



=s:
-

ffx)e*i}× dx

=

-

f? fax)e*i{×d×
Letting Y=-x
=

+ is
fade

-21> isy
C- 1) dy

fade
-4735=F dy

=

-

Fish
.

Next we consider f- * h c- MARI
.

•

,

Notice that

f*%(§ ) = Fool • ^hh({ ,
= feat . -1%1
= 1%1 ? ( z - I -42-14

.

Since FEMUR)
,

so f*^h c- MARI
.



Applying the Fourier inversion formula to f*h at x=o
.

We obtain

f- * hco ) =ftp.f#h~css)dsg--fp.1f7ssiTdss
.

Notice by definition ,

f-* fr lol = ftp.fcxihc-xldx
= Spn fan - Fa , dx

= {
*

I fail
-

dx
.

This proves the planchenelformau.la . ☐H
.



• fchwartzspacefl-RI.mn
.

Def. Let SCR) be the collection of f- c- (B)

So that for all integers n
,
e zo

,

sup / xn f%× , I < is ** I

XEIR

We call { CIR) the Schwartz space .

Remark : 1*1*1 is equivalent to

/ f% , / s
£
It 1×11

on KR
.

Renard : ⑦ far) is a vector space over 1C .

If f , GE SCIR) then

af + pg c- SCR ) for 2. PEE .

② If f- c- SAR) then



•
X fcx ) C- FAR )

.

• f
'

c- { HR) .

By oh, we see that if f- c- Sar) then

Picxifcxl -1 Ran f-G) + ii. + Pea , f × ,

C- SARI for all polynomials R
,

"

; Pe
,

PII . f- c- SARI ⇒ FE § CIRI
.

Pf . We only prove the direction
"

⇒
"

.

Now let f- c- {( IR) . We need to show that

f n
,
l 30

, §
"

exists and

sup 131! /futsal so .

3.ER



To see this
,
notice that

C- 21T ixlfcxi c- { CIR)
F- ñ÷

n

d ( C-ztiixllfcxi ) T

→
f- Gain! Elsie

'

( = : gas 1

Since GE { CIR) ,
so

/ 973 ) / s fpnlqcxildx so for all { c- IR

-Hence

sup /Gitis )" FÉ / s Spnlgcxildx < is .

{ c-IR

☒



statistics for Mid-term of Math 3093
.

Mean = 80.4
.

SD = 14.77


